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Abstract

In this paper we give a generalization of some definitions and properties
of congruences on n-groups given in [2]. Congruences on (n,m)-groups are
defined as congruences of the corresponding component algebra, and as
kernel of a homomorphism, and a connection between these two definitions
is given. Also, it is shown that for each congruence of an (n,m)-group Q
there exists an invariant subgroup of its universal covering group Q" of Q,
that is a subset of Qp,4p, Wwhere m+p = sk, k = n—m > 0. Conversely, for
each invariant subgroup K of @Y, which is a subset of Q,,4, and satisfies
the condition

xjyj_leK&azl...xn:al...am,yl...yn:bl...bm - azb,;_l €K,

for all ¢ = 1,m, there exists a congruence « on the (n,m)-group Q, such
that the corresponding invariant subgroup of QV is exactly K.

1 Preliminary definitions and results

Let @ be a nonempty set. Denote by @7, r is a positive integer, the r—th
Cartesian power of (). Instead of denoting the elements of Q" by (ai,...,a,)
we will use the notation a; ---a,, or af. In this way we can identify the set Q"
with the subset {a; - - - a, | a,eQ} of the free semigroup Q* with a basis ). The
element a;---a; € QT will be denoted by ag , meaning the empty symbol when
J < i, ie. the unity of Q* = QT U{1},1¢ Q*.

Let m,n,n —m = k > 0 be positive integers, and f : Q" — Q™ a mapping.
Then we say that Q = (Q; f) is an (n,m)-groupoid, and f is an (n,m)-operation
on ). If, moreover, Q satisfies the condition

FUfaD)aiiim) = fla fadh e,
foreach 1 <i <k, x, € @, then we say that f is an associative(n, m)—operation.

We say that the ordered pair (Q; f), where f! is an associative (n,m)-operation,
is an (n,m)-semigroup.

'Further on we will denote an (n,m)-operation by [ ]



If Q = (Q;])]) is an (n,m)-semigroup, then the semigroup Q" given by the
presentation
Q" =(Q | {(a}, b"); [af] = b7"})
in the class of all semigroups, is said to be the universal covering semigroup of Q.
The carrier Q" of Q" is a disjoint union of the form

QN=QUQ*U---UQ"UQns1 U UQuip_1,

where Q,p; = Q™"/3 such that 3 is the congruence on Q" induced by the
defining relations of its presentation ([1]). We denote by @ the subset Q™ U
Qmi1 U UQpik_1 of Q. QY is an ideal of Q" ([1]).

In this case we have the following property

i<m,r, EQ= (1T =Y1 Y = T, =Y,), v =1,i.

For each (n, m)—groupoid we can associate an algebra with m n—ary opera-

tions defined by

[a7]; = b iff [af] = b7,
where ¢ = 1,m, and a,,by € Q 2. then (Q;[ ]1,...,[ ]m) is called a component
algebra of Q.

Let Q and Q' be two (n, m)—semigroups and ¢ : @ — @' a mapping. We
say that ¢ is an (n,m)- homomorphism if it is a homomorphism between their
corresponding component algebras. We can define a mapping ¢ between the
corresponding universal covering semigroups by

(1) = p(x1) - (). (1.1)

Then " is a homomorphism induced by ©.
We give, bellow, some connections between a homomorphism of (n,m)-semigroups
and the induced one of their universal covering semigroups.

Prop 1.1 Let p : Q — Q' be a homomorphism of (n, m)—semigroups and ¢" the
induced homomorphism defined by (1.1). Then ¢ is the unique homomorphique
extension of ¢ and ¢ is surjective iff " is surjective as well ([1]).

Let Q=(Q;[ ]) be an (n,m)—semigroup, such that for all a,,by € @Q, there
exist x;,b; € @, such that

latay"] = b7" = [yi"aq]-

Then we say that Q is an (n,m) — group.
In this case, when Q is an (n,m)—group, Q" is the universal covering semi-
group and

Q' =Q"UQu1 U UQmik1

2Further on we will assume that a,,by € Q.




is a group, called universal covering group of Q ([1]).
For each a € @, Q" has the form

QV = QmanmU Uak—lQrm

and the unity 1 of Q" is an element of Q,,+,, where m+p < m+k, and m+p =
sk. Thus, @) can be considered as a subset of (), 1p+1-

Prop 1.2 Let Q= (Q: (1) and Q = (@[ 1) be (n. m)—groups, and 9 Q — @
a homomorphism. Then there exists a unique extension ¢” : QY — Q" of ¢,
defined by

SOV(Z‘l c Ty) = 0(@1) o 9( T,

and ¢ is surjective (injective) iff ¢ is surjective (injective) as well ([1]).

2 Congruences on (n,m)-semigroups

Let o be an equivalence relation on ). We say that « is a congruence on Q if
for i = 1, n, we have

a;ab; = [al];alb}];, 7 = 1,m,

i.e. if o is a congruence on the corresponding component algebra of Q.

Let a be a congruence on an (n, m)—semigroup Q, ¢ = nata : Q — Q/«
the natural homomorphism. Then ¢" : Q" — (Q/a)”" is an epimorphism, and
o = kery” a congruence on Q. Thus

Prop 2.1 (Q/a)" = Q"/a".

Using the properties of the universal covering semigroup of an (n,m)-semigroup
and the definition of congruences of (n,m)- semigroups, we will give next some
connections between congruences of the given (n,m)-semigroup and its universal
covering semigroup.

Prop 2.2 Let 3 be a congruence on Q" with the property

ziBy;,j = Lnkx] = ai', yf = V" = a;fb;,i = 1, m. (2.1)
Then o = 3/Q is a congruence on Q, such that o™ C 3.
Prop 2.3 Let 3 be a congruence of Q", such that satisfies (2.1) and
T,y €Q i i <m+k= (2fyl =i=7). (2.2)

Then a = 3/Q is a congruence on Q, such that o = (3.



3 Congruences on (n,m)-groups

Let Q be an (n,m)—group, and « a congruence on Q. Define a relation o on
Q" by

a'raa'y" < iy, i =1, m. (3.1)

Then

Prop 3.1 (i) o does not depend on the choice of a;
(i1) " is a congruence on QV, such that ¥ /Q = .

Thus, for each congruence « on an (n,m)-group, there is a congruence, namely
aY, of its universal covering group, such that o /Q = «a.

To be able to establish connections between the congruences of an (n,m)-
group and its universal covering group, let us first give some properties of the
congruence ¥ on QY induced by a given congruence « of the given (n,m)-group

Q.

Prop 3.2 Let a be a congruence on the (n,m)-group Q, ¢ = nata, ¢’ : Q¥ —
(Q/a)Y, and @ = keryp”. Thena = V.

Prop 3.3 Let a be a congruence on the (n,m)-group Q. Then o satisfies the
following conditions

(1) xjaVy; &t = al*, yy = b = a;a’b;, i =1,m; (3.2)

(it) The invariant subgroup K, induced by o is a subset of Qm-p, where
m+p=sk, 0<p<k-—1.

Prop 3.4 Let 8 be a congruence onQY, a = 3/Q and [ satisfies (3.2). Then «
is a congruence on Q, such that o¥ C f3.

The next proposition establishes connections under which the restriction «
3/Q of the congruence 3 of the universal covering group is such that o¥ = 3.

Prop 3.5 Let 3 be a congruence on QY, a = (/Q, [ satisfies (3.2) and
0<i,j<hk&a™ gyl = i=j
Then « is a congruence on Q, such that o = f3.

Prop 3.6 For each congruence a on the (n,m)-group Q, there exists an invariant
subgroup K C Qpp, such that

zy; ' € K&al =af',yf =" = aib;' € K, i=1,m. (3.3)

Coversely, for each invariant subgroup K of QY, such tha K C Q,1p and
(8.3) is satisfied, there exists a congruence « on the (n,m)-group Q, such that the
invariant subgroup induced by o is exactly K.
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Thus Prop 3.6 is a characterization of the congruences of an (m,m)-group
through invariant subgroups of its universal covering group.
As a corollary of Prop3.6 we obtain the following

Prop 3.7 The lattice of congruences of an (n,m)-group is a modular one and is
isomorphic to a sublattice of the lattice of invariant subgroups of Q.
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